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Abstract. We consider a set X of distinct points in the n-dimensional projective 
space over an algebraically closed field k. Let A denote the coordinate ring of X, 
and let ai{X) = dimfc[Torf (A, fc)]i+i. Green's Strong Castelnuovo Lemma (SCL) 
shows that if the points are in general position, then a„_i(X) ^ if and only if the 
points are on a rational normal curve. Cavaliere, Rossi and Valla conjectured in [5] 
that if the points are not necessarily in general position the possible extension of 
the SCL should be the following: a„_i(A') ^ if and only if either the points are on 
a rational normal curve or in the union of two linear subspaces whose dimensions 
add up to n. In this work we prove the conjecture. 



1. Introduction 

Let k be an algebraically closed field, and let X = {Pi, . . . , P,} be a set of s > n + 1 
distinct points in P" := P^, not contained in any hyperplane. 

Let / = I{X) denote the defining ideal of X in the polynomial ring R = k[xQ, . . . , Xn], 
and let A = R/I denote its homogeneous coordinate ring. 

The graded i?-module A has a minimal free resolution 

— > Fn — > ... — >Fi — > R — > A — ^0, 

where F, = 0^1, 

Many authors have been interested in the relation between the numerical invariants 
of the resolution and the geometric properties of X. 

We are mostly interested in the "linear part" of the resolution, that is, the syzygies 
that are determined by linear forms. This study has been initiated by Green [8j and 
the main idea coming from his work is that "a long linear strand in the resolution has 
a uniform and simple motivation" . See for example [2], [3], [1], [5]) [S], [Z], [S], [ID] , 
jllj . [12] (this is by no means a complete list) and the literature cited there. 

For every ? = 1, . . . , ra, let := aj(X) = dimfc[Torf (A, denote the multiplicity 
of the shift i + 1 in Fj . 
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It is well known that if = for some i, then aj = for all j > i. Since 
Oi = dimfc(J2), where I2 denotes the homogeneous part of degree 2 of /, we are 
interested in varieties lying on some quadric. 

We say that X is in general position if n + 1 points of X are never on a hyperplane. 

A well celebrated result of Green, the Strong Castelnuovo Lemma (SCL for short), 
shows that for a set of distinct points in P" in general position, we have that an-i 7^ 
(that is, there is a linear strand of length n — 1 in the resolution) if and only if the 
points are on a rational normal curve of (see [SI 3.C.6]). 

It is natural to ask what happens if the points are not necessarily in general position. 
Cavaliere, Rossi, and Valla conjectured in [2J that the possible extension of the SCL 
should be the following. 

Conjecture 1.1. For a set X of distinct points spanning P", one has a„_i ^ if 
and only if either the points are on a rational normal curve or on P'^ U P'' for some 
positive integers k and r such that k + r = n. 

It follows from [2, 1.2] that if the points are on a rational normal curve or on P'^UP^ 
with k + r = n, then a„_i 7^ 0. In view of this result and of the SCL, Conjecture 11.11 
can be restated as follows. 

Conjecture 1.2. If X is not in general position and a„_i 7^ 0, then X C P^ U P'' for 

some positive integers k and r with k + r = n. 

In this work we prove the following theorem, which appears in Section S] as Theo- 
rem H]TJ 

Theorem 1.3. Let X be a set of distinct points spanning P". Fix i = 0, . . . ,n — 2. 
Assume that: 

(1) There exist n — i + 1 points of X on a 

(2) n — i points of X are never on a P"-*-2^ 

(3) a„_i ^ 0. 

Then X C P'^ U P'" for some positive integers k and r such that k + r = n. 

Notice that if the points are not in general position, then (1) is satisfied for i = 0. 
Since (2) is satisfied for i = n — 2, Theorem 11.31 proves Conjecture 11.21 

Cavaliere, Rossi, and Valla proved Theorem 11.31 for i = and i = 1 (cases they 
were interested in for other purposes, see [21 4.2]). 

Following the philosophy of [2] , the main idea of this work is to study explicitly the 
quadrics passing through the points. We show that there are enough quadrics that 
"split" into the product of two linear forms to guarantee that X is contained in the 
union of two linear subspaces whose dimensions add up to ra. 

Now we briefly describe the content of this paper. In Section [2] we recall very useful 
tools from [2]. The main point is that a„_i 7^ implies that there is at least one 
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nonzero quadric of the form Fate = ^abcXaXb + jJ^ahcXaXc + J^abcXtXc, 0<a<b<c<n, 
passing through the points. We will refer to such quadrics as "special quadrics". 
Remark 12.21 shows that these special quadrics are "nicely related" . 

The bulk of the paper is given by Section[3l We prove a general result (Theorem l3.1l) 
showing that if we know that certain special quadrics are reducible, then we can 
explicitly construct more reducible quadrics passing through the points. 

In Section H] we start the proof of Theorem II. 3[ The assumptions guarantee that 
all quadrics Fabj, with {a,b} C {0, . . . , n — i — 1} and j G {n — i, . . . ,n} "split" , 
Fabj = ^jL^by "where L;^^ is a linear form in Xa and Xb- 

Let Wj be the vector space generated by the linear forms L-'^^^. First we show that 
if Wj = for all j = n — i, . . . , n, then X C P'^ U P'" for some positive integers k and 
r such that k + r = n. This statement follows easily from Theorem 13.11 

In Section [5] we complete the proof of Theorem 11.31 by proving that if Wj ^ for 
some j, then X C P*^ U P'^ for some positive integers k and r such that k + r = n. We 
first prove the statement when dimVTj > n — i — 1 (Theorem 15.41) . When dimVTj < 
n — i — 1 we use Theorem 13.11 starting point. 

2. Preliminaries 

In this section we introduce the necessary notation and we recall tools that are 
very useful in the proof of Theorem 11.31 

We compute Torf (A, k) using a resolution of the field k which can be obtained 
from the Koszul complex of Xq, . . . ,Xn- We fix a fc- vector space V of dimension n + 1. 
Then the Koszul resolution of k is given by 

^ A"+V ® R{-n - 1) ^ A"1/ ® R{-n) ^ AV ® R{-1) ^R^k^O. 

Let 6i : (g) R{-i) A'~^V (g) R{-i + 1) be the usual Koszul map. We denote by 
Kn-2 the kernel of 6n-2 in degree n. A special case of [Tj, 1] gives that 

a„_i = dimfc [( A""2 F ® J2) n Kn-2] , 

where I2 denotes the homogeneous part of degree 2 of the ideal /. 

Let Co, . . . , be a /c- vector basis of V. If j is a (n — 2)-tuple {0 < ji < • ■ ■ < jn-2 < 
n}, let ej := Cj^ A ■ ■ ■ A Cj^^^ ^ A"~^V^. The following observations play a crucial role. 

Remark 2.1. ([21 1.3]) We have that every element a E ( A"~^ V I2) Ci Kn-2 can 
be written as a = J2\j\=n-2^j ® ^Cj, where Cj := {0, . . . ,n} \ {j} and Fc^ E I2 is a. 
square free quadratic form in the variables xi, I E Cj. □ 

Therefore if a„_i 7^ there is at least one nonzero quadric of the form 

Fabc ^abc-^a-^b ~l~ f^abc-^a-^c ~l~ ^abc-^b-^o 

0<a<b<c<n, passing through the points. 
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Remark 2.2. ([2, 1.4]) For every {a,b,c,d} such that 0<a<b<c<d<nwe 
have that 

□ 

3. Reducible quadrics through the points 

In this section we prove Theorem 13.11 The proof gives an exphcit description of 
certain quadrics passing through the points that "spht" into the product of two hnear 
forms. Most of the proof of Theorem 11.31 will follow from Theorem 13. 1[ 

Consider the quadrics Fc^ as in Section [2l 

Theorem 3.1. Let j e {0, . . . , n}, and let {ii, . . . , C {0, . . . , n} \ {j} with ii < 
■■■ < im- Suppose that F^fj G (xj) for all {e, f\e 7^ /} C Write 
Fefj = XjLef, and let V be the vector space spanned by the linear forms L^f. Let 
d := diml^ and suppose that < d < m — 1. Then there exist t, with < t < d, 
linear forms Li, . . . , Lf, which are part of a basis ofV, and linearly independent linear 
forms hi, ... , hm-i-t, such that 

{Li,...,Lt){hi,...,hm-i-t) C L 

Proof. Let C be the set of linear forms {Lef\e 7^ /}. For simplicity of notation we 
rename the m variables involved in C as yi, ... ,ym- If L^j G C and e < /, let 

Lef = KfVe + MVf- 

We may assume that either j < ii, or that j > i^. Applying Remark 12.21 to 
{j, e, /, g} (or {e, /, g,]}) with l<e</<(7<mwe obtain that 

(1) F^fa = i-^r'VeLf, + {-ly+^-'yfL,, + {-ly^^y.L^f. 

The following lemma will be used often. 

Lemma 3.2. Let Lef G C, and suppose that the coefficient of yj in Lef is not zero. 
Let {u,v} C {1, . . . ,m} \ {e, /}, and let T be a linear form in yu and y^- Assume 
that yeT G /, and that Leu o-nd Lev o-^e monomials in ye- Then yfT G /. 

Proof. Suppose that yfT ^ /. Since yeT G / there exists a point E such that 
yf{E) 7^ 0, T{E) 7^ and ye{E) = 0. Without loss of generality assume that 
yu{E) 7^ 0, and that e < f < u. By Fefu = ±yeLfu ± yfLeu ± yuLef- Now 
Fefu{E) = implies that fiefyf{E)yu{E) = 0, a contradiction. □ 

Suppose that at least one among the linear forms in £ is a non zero monomial, say 
Lab is a monomial in ya. If the coefficient of j/c in Lac is not zero we say that yc is 
connected to ya (in one step). 
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We construct inductively a block of monomials B"-^ starting with Lab in the following 
way. At step 1 we add all the monomials connected to r/a- At step z > 2 we add new 
monomials connected to the monomials introduced in step i — 1. In other words, B""^ 
consists of all monomials connected to i/a in a finite number of steps. Notice that the 
set B"-'^ is part of a basis of V, and therefore it contains at most m — 2 monomials. 

In what follows B"-^ denotes the block of monomials starting with Lab = ^abVa 7^ 0. 
We say that ya is a generator of i?"^. 

Remark 3.3. 

(1) If Lab = XabVa ^ and Lac = KcVa 7^ 0, then = 5-. 

(2) If Ub e B"''^ and Lbc = XbcUh 7^ 0, then = B^^, since Ua is connected to yb- 

□ 

Next we describe some quadrics that factor into the product of two linear forms. 

For simplicity of notation let Lab = -^12 = •^i2Z/i 7^ 0. By ([1]) we have that for 
s = 3, . . . , m, 

Fi2s = {-ly^'yiL^s + {-iy+^y2Lu + (-l)^+^y.Li2. 
If = (which is the case if ys 4- -^^^)) then 

Fx2s = {-iyyi[{{-irXi2 - fi2s)ys - {Xis + X2s)y2] = i-iyyifs, 

where 

(2) /. = ((-l)^Ai2 - fX2s)ys - (Xls + \2s)y2. 

More generally, applying (fl]) to 1 < -u < f we have that 

Fiuv = {-ly^'yiLuv + {-ly^^-'yuL^, + {-ly^^y^L^u- 
If = /ill, = (which is the case if yu,yv ^ B^^), then 

Fiuv = {-lyyilii-iy^^Xiv - Xuv)yn + ((-l)''Ai„ - ^iuv)yv\ = (-l)VG™, 
where 

(3) Guv = {{-ly-^Xiv - Xuv)yu + ((-l)''Ai„ - nuv)yv 
In particular, G2V = fv 

Remark 3.4. Let 1 < u < v < w. By and ([3]) we obtain that 

i^™«, = (-i)"+^"'i/«,[G™+(-i)"(Ai,+(-i)'"-V..;)i/«+(-i)'"'(Ai„+(-i)"-Vm«,)i/.] 

+^^iy+j~iXuu.yuyv + (-l)"+^A,^y„y,. 

In particular, if Xuw = A^,^ = we have that Fuvw = {—^)^'^''~^ywGuv if and only if 
f^uw = (— l)"'Ai„ and /x^^ = (— l)"'Ai^ if and only if the coefficient of y^ in Guw and 
in Gvui is zero. □ 
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Remark 3.5. Assume that ?/2 ^ B^"^. Let Yc = {yi, . . . ,ym} \ {B^^} and let C 
be the set of indexes of the variables in Yq. Notice that Yq 7^ 0, since diml^ < 
m — 1. If s G C, then fiis = = 0. Therefore we have that yifs G /, where 
fs = {-^y^uys - i^is + ^2s)y2- If Ais = = for all s G C, then by Lemma [3i2] 

(4) {B''){Yc)cI, 

and so the conclusion of Theorem 13.11 holds. 

If Xis ^ for some s G C, then = Xisyi ^ and B^"^ = B^" . Notice that 
ys ^ B^". If 7^ for some s G C, then = A2SI/2 7^ and B^"^ = B"^", since 
y2 G _ Notice that ys i B'^\ 

Therefore we may assume that y2 ^ B^'^. □ 

Let s 7^ 2, and suppose that y2,ys 4- ■ Then by Lemma IX^ 

(5) {B^^)Js C /, 

since for every ?/e ^ -B^^, i^2e and Les are monomials in y^,. 
More generally, if yu.yv ^ -B^^ we have that 

(6) C /. 

Lemma 3.6. Let Lab = Xatya 7^ 0, and assume that the variable yt, does not appear 
in V . Then the conclusion of Theorem \3.1\ holds. 

Proof. Assume that Lab = -^12 = Ai2?/i, and construct B^"^. Since d < m — 1 there 
exists yw 7^ 7/2 such that ^ 5^^. Let Yc = {yi, . . .,ym} \ {1/2} \ {B^"^}, and let 
C be the set of indexes of the variables in Yc. Let Gc = {G2w\u! G C}, where 
G2w = fw = ((-l)"'Ai2 - fi2w)yw - Xiwy2- By ([5]) we have that 

{B''){Gc) C /. 

If for all w E C the coefficient of y^j in G2W is not zero, then we are done. 

Let M^ = {w e C\fi2n^ = (-l)"Ai2}, Ym, = {y^k ^ Mi} and let A^i = AT \ Mi. 
We may assume that Mi 7^ 0. If w G Mi, then = (— l)"'Ai2yu. 7^ is a basis 
element of V. Since d < m — 1 we have that A^i 7^ 0, and 

{B''){G^J C /, 

where the set G^i = {G2w\w G A'l} consists of |A'i| linearly independent linear forms. 
Up to possibly renaming the variables we may assume that if w G Mi and v E Ni, 
then V < w. 

Let be the set of monomials connected to Ym^ in a finite number of steps, and 
let Ci C A^i be the set of indexes of the variables in Yc\. Then Yc^ is part of a basis 
of V. Let Ai = Ni\Ci. Since d < m — 1 we have that Ai 7^ 0. By construction, for 
all w G Ml and for all f G Ai we have that Xyy^ = 0. 

By Remark [3.41 with w G Mi and v G Ai, we obtain that F2vw = {—l)^^-^^^ywG2v 
if and only if the coefficient of y^j in is zero. 
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Let M2 = {w e Mi\F2,u, = {-iT^'-'yA yv G Ai}, Ym, = {y^\w G M2} and 
let N2 = Mi\ M2. If N2 = 0, then {Ym,){Ga,) C /, where Ga, = {G2,\v G A^}. 
Then by Lemma 13.21 we have that 

{B'\Ym„YcJ{GaJcI, 

and the conclusion follows. 

So we may assume that A^2 7^ 0- Let w G A^2- We have that the coefficient of y^, in 
Gyw is not zero, for some v E Ai. Let Gn2 be the set of such linear forms {G^w}- By 
(ini) we have that 

{B^'^){GNi,Gj\f2) C /, 

where the set {Gn^, GN2} consists of \Ni \ + \N2\ linearly independent linear forms. If 
M2 = 0, then we are done. Otherwise we repeat the procedure. Let Yc'2 be the set 
of monomials connected to Ym2 in a finite number of steps, and let C2 C A^^i U N2 be 
the set of indexes of the variables in Yc^- Then {B^^, Ym2, ^02} is part of a basis of 
V. Let A2 = {Ni U A^2) \ C2 and let Ga2 C {Gnj^,Gn2} be the set of corresponding 
linear forms. Since d < m — 1 we have that A2 7^ 0. 

Applying Remark [3.41 with w G M2 and u,v E {A2} U {2}, we obtain that F^vw = 
^_l^w+j-iy^Q^^ if and only if the coefficient of y^ in Guw and G^w is zero. 

Let M3 = {we M2\Fu,^ = VG^, G G^J, and let A^s = M2 \ M3. 

If = 0, then {Ym2){Ga2) C /. By Lemma Owe have that 

{B'',YM2,Yc2)iGA2)cI, 

and the conclusion follows. 

So we may assume that 7^ 0. Let w E N-^. We have that the coefficient of y^, in 
Guw or in G^^ is not zero, for some m or t> in ^42. Let G^^ be the set of such linear 
forms. We have that 

Repeating the argument we obtain that the conclusion of Theorem 13.11 is given by 

(7) {B'\Ym,,Yc,){Ga,)cI, 
for some /c > 1, or by 

(8) {B''){g)ci, 

where Q consists of linear forms Guv D 

Corollary 3.7. Let Lab = ^abya 7^ 0, let u ^ b and assume that the variable yu does 
not appear in V. Then either the conclusion of Theorem \3. 1\ holds, or {B°'^)yu C /. 

Proof. Let Lab = -^12 = ^uyi- By Remark 13.51 we may assume that y2 4- ■ Let 
M 7^ 2. Then by ([5]) we have that iB^'^)fu C /, where fu = (-l)"Ai2t/„ - (Ai„ + A2«)y2- 
If Ai„ = A2„ = 0, then {B^'^)yu C /. If Ai„ 7^ 0, then Li„ = Ai„?/i 7^ 0, and the 
conclusion follows from Lemma 13.61 If A2U 7^ we conclude similarly. □ 
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Now we construct part of a basis of V consisting of monomials in the following way. 
If Laj^hi = ^aibiVai 7^ we construct Bi = iJ'^i^i and we assume that Bi is maximal; 
that is, it is not contained in any bigger block starting with a monomial in C. By 
Remark 13.51 we also assume that i/b^ ^ -Bi • If among the linear forms in C there is a 
nonzero monomial in one of the remaining variables, say -La2fe2 — -^02621/02 7^ with 
^ Bi, we construct B"''^^^ and we assume that it is maximal. We also assume 
that ^ 5''2b2_ Lgi; = 50262 \ (^50262 f] Bi). Proceeding in this way we construct 
S^i^'i , . . . , B""^" and 5i, . . . , Bk, where . . . , Bk} is part of a basis of V. We have 
that ^ {i?2, • • • , -Bfc}, otherwise would be connected to and Bi would not 
be maximal. More generally yb^, . . . ,ybk ^ {Bi, . . . , -Bfc}- 

Corollary 3.8. If {Bi, . . . , Bk} , k > 1, is a basis of V , then the conclusion of 
Theorem \3.1\ holds. 

Proof. By construction we have that yb^ ^ {-Bi, i?2, • • • , -Bjt}, and the conclusion fol- 
lows from Lemma [3.61 □ 

The following facts about blocks of monomials will be useful later. 

Remark 3.9. Let k > 2, let Br,Bs G {Bi,...,Bk} and assume that r < s; that 
is, Bs has been constructed after Br. Let La^a, = KrasVar + /^a,.a,l/a,- We have that 
fJ'aras = 0, otherwise ya^ G Br. We also have that Xa^a., = 0, otherwise i?"'-^'- would 
not be maximal. Therefore La^a^ = 0. Similarly La,.w = for all yw G Bs. □ 

Corollary 3.10. In the notation of Remark \3.S^ suppose that yarUas ^ I- Then 



Proof. By Lemma 13.21 we have that {Bs)yar C /, since La^^ = for all yw G Bs. 
Let ye G Br- Then Lg^ is a monomial in ye for all G Bg, and so applying again 



Now we construct a basis {Li, . . . , La} of V consisting of {Bi, . . . , Bk} as above 
and a set L C £ of / binomials (necessarily in variables not involved in {Bi, . . . , Bk}). 
By Corollary 13.81 we may assume that I > 1. However, we may have that k = 0; that 
is, the basis is given by L. 

We denote by Vl the variables involved in L, and by Vjy the variables that do not 
appear in V. Let \Vl\ = s. Then | Vat] = m — d + l — s. 

Recall that if one among yb^^, . . . ,ybk £ Vn, then the conclusion of Theorem 13.11 
follows from Lemma 13. 6[ So we may assume that yb^, ■ ■ ■ ,ybk ^ ^l, since by con- 
struction yb^,...,yb^ ^ {Bi, Bk}. Then if y„ G V^v, Vbi,---, 2/6^, and so by 
Corollary 13.71 we may assume that {Bi, . . . , Bk)(yN) C /. 



Furthermore, if Lab ^ L and G V/Vj then by ([T]) we have Fabu = ^VuLab, so that 
(L)(l^jv) C /. Therefore 



{Br){Bs)Cl. 



Lemma [3.21 the conclusion follows. 



□ 



(9) 



{B,,...,Bk,L){VN)cI. 
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If I > s — 1, then the conclusion of Theorem l3.1l holds. since d+{m—d+l—s) > m—1. 
We may assume that I < s — 2. In particular Z > 2. 

Next we need some facts about the binomials in L. If C C £, we denote by Vc the 
set of variables involved in C. 

Lemma 3.11. Suppose that {Li,...,Lu} C C are linearly independent binomials 
in q variables. Then {Li,...,L„} is a disjoint union of subsets, {Li,...,L„} = 
AU DiU ■ ■ - U Dp, with p = q — u, such that |Vdj| = \Dj\ + 1 for all j = 1, . . . ,p, and 



Proof. We start with Lab £ {-^i, • • • , Lu}. At step 1 we add the binomials containing 
the variables i/a or i/b. At step i > 2 we add binomials containing variables introduced 
in the previous step. Since the binomials are linearly independent, the subset S 
thus constructed has the property that either IV^I = l^l + 1, or \Vs\ = \S\. Now if 
{Li, . . . , Lu} \ S* 7^ we repeat the procedure. 

Let Dj, j = l,...,p, be the subsets with \Vd^\ = \Dj\ + 1, and let A be the 
union of the remaining subsets. We have that u = \A\ + \Di\ + ■ ■ ■ + \Dp\ and 
q=\A\ + {\Di\ + 1) H h {\Dp\ + 1), so that q - u = p. D 

By Lemma 13.111 we have that L = Dq U Di U ■ ■ ■ U Dp, where p = s — I > 2, 
\Vdj\ = \Dj\ + 1 for all j = 1, . . . ,p, and \Vdo\ = |-Do|- We may have Dq = 0. 

Lemma 3.12. Let L^j G C In the above set-up, we have that Lef = if ye & Vd^ 
for some j = 1, . . . ,p, and Uf &Vl \ Vd^ ■ 

Proof. For simplicity of notation, let L = {Li, . . . ,Li} and Dj = {Li, . . . , L^}. Write 
Lef = aiLi + ■ ■ ■ + arLr + ttr+iLr+i + ■ — h ctiLi. It suffices to show that ai = ■ ■ ■ = 
Or = 0. By construction Li = Li-^^i^ is a binomial in two variables r/i^ and i/i^, and for 
2 < m < r, Lm = La^i^+^ is a binomial in and Vi,^^^, where e {ii, . . .,ira}- 
Then e = ic for some l<c<r + l. It follows that 

(10) Lef = aiLi-^i2 + a2La2i-^ H h ac-iLa^_-^^i^ + Or+iLr+i H h aiLi, 

and that Lef = 0, if c = 1,2. Let c > 3. There exists ik G {ii, . . . ,ic-i} such that 
^fc 7^ • • • , CLc-i- Therefore i/i^, appears in (fTOj) only once; in La^_^i^ ii k > 3, or in 
Lj^jj if = 1, 2. So if /c > 2 we have that ak-i = 0, and if A; = 1 we have that ai = 0. 
Now we repeat the procedure to obtain that ai = ■ ■ ■ = = 0. □ 

It follows from Lemma 13.121 that Lac = if ?/a G Vd^ for some j = 0,...,p, 
and He ^ Vl\ Vuy Hence if ya,yb G and fjc & Vl \ Vd,, by ^ we have that 
Fabc = ±ycLab- Therefore for all j = 0,. . . ,p, 



Remark 3.13. Suppose that the basis of V consists only of binomials. We have that 



Va\ = \A\. 



(11) 



{D,){Vl\Vo,) C L 



(12) 



{D,){Vl\Vd„Vn) C L 
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Let \Di\ = r. The conclusion of Theorem 13. II holds, since r + {s — r — 1) + {m — s) = 
m — 1. 

Lemma 3.14. Let {Bi, . . . , Bk, L} be a basis of V and suppose that L = U U Z 
where L^z = if i/u £ Vu and G Vz- Let B G {Bi,...,Bk} be obtained from 
Lab = ^abVa 7^ and assume that i/f, G Vu. Suppose that there exists yt G Vz with 
Aaj 7^ 0. Then the conclusion of Theorem \3.1\ holds. 

Proof. Assume that Lab = -^12 = ^uUi 7^ 0. Then y2 G Vu and there exists yt G Vz 
such that Alt 7^ 0. 

Let s be such that G Vat U Vz. Then by ([2]) = {—lyX^ys — Xisy2, since 
L2S = 0. Let fNuz be the set of such linear forms. 

Let s be such that yg G Vu and yg 7^ ?/2- Then by ([3]) Gst = {—^Y'^^itys + 
(— l)*Aisyt, since Lgt = 0. Let Gu be the set of such linear forms. 

Let Vc = {Bi, . . . , Bk} \ {-B"^}, and let C be the set of indexes of the variables in 
Vc. Let fc = {fs\s G C}, where fs = ((-l)'*Ai2 - fi2s)ys - \isy2, since \2s = 0. By 
([HD we have that 

iB^^)ifc, fNuz,Gu) C /, 
where {fNuz,Gu} are linearly independent. 

If for all s G C the coefficient of ys in fg is not zero, then we are done. 

Otherwise let Mi = {s G C\^2s = (— l)'^Ai2} and we proceed as in the proof of 
Lemma 13. 6[ □ 

Corollary 3.15. Let B G {Bi, . . . , Bk} be obtained from Lab = ^abya 7^ and assume 
that yb &Vd for some j = 0, . . . ,p. Then either the conclusion of Theorem \3.1\ holds, 
or {B'''){Vl\Vd,) C L 

Proof Let ?/c G Vl \ Vd, . Then by Fabc = ±yaLb c ± y bLgc ± ycLab = ±Xacyayb ± 
^abyayc- If Aac 7^ the couclusiou follows by Lemma [3.14[ If Aac = 0, then yayc G /, 
and so by Lemma \3l2\ {B°-^)yc C L □ 

Back to the proof of Theorem 13. H recall that a basis of V is given by 

{Bi, . . . , Bk, Do, Di, . . . , Dp}, 

with p>2 and A; > 1, by Remark We have L = Dq U Di U ■ ■ ■ U Dp, \L\ = I, 

\Vl\ = s. Let |VdJ = Sj, for < j < p. Then \Do\ = sq and \Dj\ = Sj — 1 for 
I < j <p- Let g G {1, . . . , k}. If Bg is obtained from La^b^ = K^b^ya^ 7^ 0, we have 
that G Vd,, for some jq G {0, . . . 

By ([9]), (fTT!) and Corollary 13.151 we may assume that 

(13) (5i,Z},J(r;v,V-L\V^D,Jc/. 

If A; = 1 the conclusion of Theorem 13.11 holds, so we may assume that k > 2. 

We divide {B2, . . . , Bk} in two groups. Let {B^^, . . . , Bd^} be such that there exist 
yt^,...,yue Vd^^ such that La^^ ia , • • • , La^^ u are nonzero monomials in ya^^ ya^^ , 
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respectively. Let {Bd^^^, . . . , B^^} be the remaining blocks. Then for every yt G Vd^^ 
we have that L^^ +i* ~ ' ' ' ~ ^"-d^^ ~ ^- assume that 

(14) B,^,..., B,^, %)(V)v, Vl \ VdJ C /. 

Corollary 3.16. In the above notation, assume that Bi G {Bi, Bd^, ■ ■ ■ , Bd^} and 
B2 G {Bd^^,, BdJ. Then {B^){B2) C /. 

Proof. Assume that Bi is obtained from Led = ^cdVc with i/d G Vd^-^ , and B2 is 
obtained from Lg/ = XefVe- By construction we have that Lde = 0, and by Remark [33] 
we have that Lee = 0. Then by ([I]), Fede = ^KdVcVe- Therefore yei/e G /, and the 
conclusion follows from Corollary 13.101 □ 

Corollary 3.17. In the above notation, assume that B 2 G {Bd^j^^, ■ ■ ■ , Bd,.} ■ Then 
{B2){D,JCI. 

Proof. Assume that B2 is obtained from Lg/ = XefVe- Let Lab £ -Dji. Then L^e = 
Lhe = 0, and so by ([T]) Fate = ^VeLab- Since ye{DjJ C /, by Lemma IX^ we have that 
{B2){D,JcI. D 

Finally, by f[T^ . Corollary 13.161 and Corollary 13. 17^ we have that 

(15) (5i, . . . , Bd^, D,,){Vm, Vl \ Vd^^ , 5,^+,, . . . , C /. 

Now, if ji 7^ the conclusion of Theorem 13.11 follows since {d — I) + {sj^ — 1) + 
(m — d + Z — s) + (s — SjJ = m — 1. Similarly, if ji = the conclusion follows since 
{d — I) + So + {m — d + I — s) + s — sq = m. 

□ 

4. Main Result 

In this section we start the proof of the main theorem, stated in Section [T] as 
Theorem II. 3[ 

Theorem 4.1. Let X be a set of distinct points spanning P". Fix i = 0, . . . ,n — 2. 
Assume that: 

(1) There exist n — i + 1 points of X on a P"-*-i^ 

(2) n — i points of X are never on a P"~*-2^ 

(3) a„_i ^ 0. 

Then X C P*^ U P*" for some positive integers k and r such that k + r = n. 

Proof. Since n — i + 1 points are in p*^-*-! they must span it, otherwise we get n — i + 1 
points on p"~*~2^ After a change of coordinates we may assume that the coordinate 
points are on X and that the linear space Xn-i = Xn-i+i = ■ ■ ■ = x„ = contains 
n — i + 1 points of X. This linear space contains n — i coordinate points, so it 
contains an "extra point" Q = (go, • • • , Qn-i-i, 0, . . . , 0). Notice that qi 7^ for all 
I = 0, . . . ,n — i — 1, otherwise we would have n — i points in P"-«-2_ 
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Let 0<a<b<n — i — 1 and n — i < j < n. Consider the quadrics 

-^abj ^abj'^a^b ~t~ f^abj^a^j ~t~ ^abj'^b^j } 

defined in Section [21 Since FabjiQ) = 0, we have that 

Fabj = ^jL''ah} 

where U^^^ is a hnear form in Xa and Xb. 

Using Remark [22] we obtain the following result, which is a generalization of Claim 
5 of [2J. 

Lemma 4.2. 

(1) Let 0<a<b<c<n — i — 1 and n — i < j < n. Then 

Fabc = i-ir'xA + i-ir^-'x,Li + {-ir^xMa,. 

(2) Fix d and e such that n — i<d<e<n. Then there exists Pde = ^deXd + fJ'de^e 
such that for all s = 0, . . . ,n — i — 1, 

Fsde ( 1) ■^sPde ~\~ ^sde-^d-^e- 

(3) Let 0<a<b<n — i — 1 and n — i<d<e<n. We have that 

i-lTXaUMe + {-1)'-' XtU^de + (-1)''-'^, + = 0. 

Let j G {n — i, . . . ,n} and let Wj be the fc-vector space generated by the linear 
forms L^^. 

The proof of Theorem 14.11 consists of two main steps: 

(1) If Wj = for all j = n — i, . . . ,n, then X C U P^' for some positive integers 
k and r such that k + r = n. 

(2) If Wj 7^ for some j G {n — i, . . . ,n}, then X C P^ U ¥'" for some positive 
integers k and r such that k + r = n. 

4.1. Proof of Step 1. Suppose that Wj = for all j = — z, . . . , ra. Then Fabc = 0, 
ifO<a<b<n — i — 1 and n — i < c < n. \i {] < a < b < c < n — i — 1, we also 
have that Fabc = 0, by Lemma [4.21 (1). In particular, if i = we have that a = 0, a 
contradiction to Remark 12.11 since a„_i ^ 0. So we may assume that i>l. 

\iQ<a<n — i — l and n — i<b<c<n,hy Lemma [121 (2) and (3) we have that 

Fabc ( 1) ■^aPbc- 

Therefore, if Pbc = for all n — z < 6 < c < n, we have Fabc = for all < a < 
n — i — 1 and all n — i < b < c < n. It follows from Remark 12.21 that Fabc = for all 
n — i<a<b<c<n. Hence a = 0, a contradiction. 

Let W be the fc-vector space generated by the linear forms Pbc with n — i < b < 
c < n, and let d := dim W > 0. 
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We have that 

(Xo, . . .,Xn-i-l)W C /. 

We may assume that d < i, otherwise X C P* U P"~* and we conclude. Then by 
Theorem 13.11 there exist t, with < t < d, hnear forms Li, . . . ,Lt, which are part of 
a basis of W, and hnearly independent hnear forms hi, ... , hi_t such that 

(Li, . . . , Lt){hi, . . . , hi-t, xq, . . . , Xn-i-i) C /. 

Hence X C P"~* u P* and the conclusion of Theorem 14.11 holds. This concludes the 
proof of Step 1. 

5. Proof of the Main Theorem 
In this section we complete the proof of Theorem 14. II by proving Step 2. 

Fix j G {n — i, . . . ,n} such that Wj ^ 0. Recall that Wj is the fc-vector space 
generated by the linear forms L;^^^, where Fabj = ^jL-^^fj, for 0<a<b<n — 
Let O denote the set of linear forms {L;^^ | 0<a<6<'ri — i — 1}. 
If < < e < / < n, we have 

Fdef = XdefXdXe + fidefXdXf + VdefXeXf. 

Remark 5.1. Let 0<d<e<f<g<n. By Remark 12.21 we have the following 



equations: 
(16) 


(-l)'Ae/, + 




' — 1)-^ "^Xdeg = 


0. 


(17) 


(-l)Ve/, + 






0. 


(18) 


(-l)'^e/, + ( 


-l)^"Vde9 + 1 




0. 


(19) 






i-iy-'udef = 


= 



□ 

In what follows we give an explicit description of quadrics that are multiple of Xj. 

Let {d,e\d ^ e} C {0,...,n}, and assume that Fdej G (xj). Without loss of 
generality, assume that d < e < j. Then Xdej = 0, and 

-^dej Xji^fidejXd ~\~ l^dejXe) XjHdei 

where 

Hde f^dej-^d ~l~ ^dej-^e- 

In particular, ifO<(i<e<ra — z — 1, Hde = L-'^e- 

Lemma 5.2. Let {d,e,f,g} C {0,...,n}. Let Tde be a linear form in Xd and Xe- 
Assume that XgTde G /, XfTde ^ /, and that Fdeg G (xg). Then Fdjg G (xg) and 

Fefg G (Xg). 
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Proof. There exists a point E such that Xf{E) ^ 0, Tde{E) ^ 0, and Xg{E) = 0. We 
may assume that d < e < f < g. We have Xdeg = 0. If Xd{E) ^ 0, E^fg^E) = 
imphes that Xdjg = 0. Similarly if Xe{E) ^ 0, then Ag/g = 0. Now (fT6|) implies that 

Ad/g = Ae/g = 0. □ 

Corollary 5.3. Let {d, e, /} C {0, . . . , n}. Assume that Edej = XjHde andxjHde ^ I ■ 
Then Edfj = xjHdf and E^jj = XjHef. Furthermore, if Edef G (2;/), we have that the 
coefficient of Xf in Hdj or in Hej is not zero. 

Proof. The first assertion follows from Lemma 15.21 We may assume that d < e < 
f < j. We have that Edfj = Xj{^dfjXd + ^dfjXf), Eejj = Xj{nefjXe + ^efjXf) and 
Xdef = 0. If {udfj, fefj) = (0, 0), by (^Si> and we have that fidef = {-^)^~^ fJ'dej, and 
^def = {—^)-^^-'^dej- Then Edef = {—^Y'^XfHde, a contradiction, since xjHde ^ E □ 

Theorem 5.4. If dimWj > n - i - 1, then X C P'' U for some positive integers 
k and r such that k + r = n. 

Proof. We have that XjWj C /. If {xn-i, ■ ■ ■ ,Xn)Wj C /, the conclusion follows. Let 
Ao = {xn-i, . . .,Xn}, and let Vi = {x„ G Ao\ x^L^^ ^ I for some e Wj}. We 
may assume that Vi 7^ 0. Since Eatu = ^uLab: by Corollary 15.31 we have that x^ € Vi 
yields a linear form ifciM? Ci G W^b}, with coefficient of Xu different from zero, such 
that Ecj^uj = XjHc^u- Let i/vi be the set of such linear forms Hc^u- We have that 
Xj{Wj,Hv,) C /. Let Ai = Ao\Vi. If Ai = {xj}, then X C P""^ U PS so we may 
assume that {xj} ^ A\. If (Ai)(_f/'yJ C /, the conclusion follows. 

Let V2 = {x^ G Ax\ x^Hc^u 4- ^ some iJciu G Ely^. Since XuL\ ^ /, and 
x„L;^j G /, by Lemma [5^ we have that Ef,-^uv G (x^). By Corollary 15.31 x^ G V2 yields 
a linear form -ffc2«;; ^2 G {ci,m}, with coefficient of x^ different from zero, such that 
Pcivj = XjHciv Let Hy^ be the set of such linear forms. 

Let I > 2, and Ai = Ai_i \ VJ. We may assume that 

Xj{Wj,Hv,,...,Hv,) C /, 

and 

{Ai){W,,Hv,,...,Hv,_,)cE 

If {Ai){HyJ C /, the conclusion follows. 

Let VJ+i = {xz G Ai\ XzHciu) ^ / for some H^w G i^V;}- By inductively applying 
Lemma [5I2] we have that Eciwz G (x^). By Corollary l5.3l Xz yields a linear form ifc;+i2, 
Q+i G {q,w}, with coefficient of Xz different from zero, such that E^j^^zj = XjHci^-^z- 
Repeating the procedure we obtain the desired conclusion. □ 

By Theorem l5.4l we may assume that dim Wj < n — i — 1. Then by Theorem 13.11 and 
its proof (with {yi, . . . ,ym} = {xq, . . . there exist t, with < t < dimVTj, 

linear forms Li, . . . ,Lt, which are part of a basis of Wj, and linearly independent linear 
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forms hi, ... , hn-i~i-t, in variables xq, . . . , Xn-i-i, but not involved in {Li, . . . , Lt}, 
such that 

(20) {Li,...,Lt){hi,...,hr,^i_i_t) Cl. 

By construction we may assume that {Li, . . . , Lf} C If 1 < p < n — i — 1 — t, 
then hp "contributes" the variable x/^; that is, the coefficient of xi^ in hp is not zero, 
and Ip ^ Iq ii p ^ q. 

Recall that Xj{Li, . . . , Lt) C /. If 

(Li, . . . , Lf) (hi, . . . , hn-^i_i_t, Xn-i, • • • , Xn) C /, 

then the conclusion of Theorem 14.11 holds. 

As in the proof of Theorem 15. 4[ let Aq = {xn-i, • • • , Xn}, and let 

Vi = {xu e Ao\ XuL^ab ^ ^ some e {Li, Lt}}. 

We may assume that Vi ^ 0. Since Fahu = XuL^^^, by Corollary 15.31 we have that 
Xu £ Vi yields a linear form i^ciu, ci G {a,b}, with coefficient of x„ different from 
zero, such that Fciuj = XjHc^u- Let Hy^ be the set of such linear forms -ffciM- 
Fix M e Vi. By Lemma 14.21 (2) we have that for all s = 0, . . . , n — i — 1, 

P-suj ^) f^ciuj-^s ~l~ ^suj-^u) • 

If ficiuj 7^ 0, then Hij^u, ■ ■ ■ , Hi^_-_^__^u are linearly independent, and 

Xj{Li, . . . ,Lt, Hy^,Hi^u-, ■ ■ ■ , -f^i„_i_i_tu) C /. 

Let Hvi = {Hv„Hi,u, • • . , i/i„_,_,_,4, and let Ai = Ao\ Vi. If C /, the 

conclusion of Theorem 14.11 follows. 

Notice that if {u, v} C {n — i, . . . , n}, then by Lemma I^l2] (2) we have Fc-^^^v £ {x^) 
if and only if Fi^uv ^ (xv) for some l<p<n — i — 1— t. Now we proceed as in the 
proof of Theorem 15.41 and the conclusion of Theorem 14.11 holds. 

We may assume that fic^uj = for all x^ G Vi. Then Fcj^j = UcmjXjXu, so that 

CC j OC ^ I • If 

{Ai, hi, ... , hn-i-i-t ){Li,...,Lt,Vi)cI, 
then the conclusion of Theorem 14.11 follows. 

Section [5?T] below shows that (Vi)(/ii, . . . , hn^i-i-t) C /. Therefore we may assume 
that XuXu ^ / for some Xu G Vi and some x^ G Ai, that is, the set V2 = {x^ G 
Ai\ XyHc^u ^ I for some H^^u ^ Hy^} is not empty. As in the proof of Theorem 15. 4[ 
we have that x^ G V2 yields a linear form Hc^v, C2 ^ {c\,u}, with coefficient of x^ 
different from zero, such that Fc^vj = XjHc^v Let ifvi be the set of such linear forms. 

Fix V G V2. If C2 = Ci G {a, h}, Lemma lT2] (2) implies that for all s = 0, . . . , n— z — 1, 
-Fsi-i = Xj{±iJ,c2vjXs + i^svjXv)- If /Xc2i.i 7^ 0, then Hi^^, . . . ,Hi^_^_^_^^ are linearly 
independent, and 

Xj{Li, . . . ,Lt, Hvi, Hv2, Hij^y, . . . , Hi^_-_^_^^) C /. 
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Let Hv^ = {Hv„Hi,,,...,Hi„_^_,_^,}, and let = A,\V2. If {A2){Hv^ C /, 
the conclusion of Theorem 14.11 follows. Otherwise we proceed as in the proof of 
Theorem 15. 4[ 

Therefore if C2 = Ci we may assume that /ic2fj = 0. Then Fc^yj = i'c2vjXjXy, so that 
XjXy G /. If C2 = u, then F^yj = Xj{fiuvjXu + J^uvjXy), with Uuvj 7^ 0. Since XjXu G /, 
we have that XjXy G /. Furthermore, Fc^^yj = Xj{ficivjXci)- As above, if ficivj 7^ 0, 
then Hi-^y, . . . , Hi^_^_-^_^y are linearly independent, and we proceed as in the proof of 
Theorem 15. 4[ 

Hence we may assume that the condition "x^^x^ ^ / for some x„ G Vi and some 
Xy G Ai" yields XjXy G /. We say that Xy is introduced from Xy. 
Section Em shows that (V2)(/ii, . . . , hn-i^i-t) C /. If 

){Li,...,Lt,Vi,V2)cI, 

the conclusion of Theorem 14 . 1 1 follows . Otherwise we repeat the argument. Proceeding 
in this way, at step / > 1 either we conclude as in the proof of Theorem 15.41 or we 
introduce a new set of monomials Vi such that xjiVi) C / and (V/)(/ii, . . . , hn^i-i^t) C 
/. Furthermore, by inductively applying (fT6l) . we have that if G VJ, then Fc-^^j £ 
{xj). Therefore we assume that ^cizj = 0; that is, in the notation of Lemma [4.21 (2), 
Pzj = 0. This procedure has to terminate in a finite number of steps, and so the 
conclusion of Theorem 14.11 holds. 

5.1. To conclude the proof of Theorem 14. II we need to show that for each / > 1, the 
set Vi has the property that (V/)(/ii, . . . , /^n-i-i-t) C /. 

We follow the proof of Theorem 13.11 and we consider the explicit description of 
hi,..., hn-i-i-t in ([20]). Recall that {yi, ym} = {xq, Xn-i-i}. 

If0<a<b<n — i~l and n — i < u < n, we have that Fabu = XuL^i,. Let 

^ab ~ -^afe^a + f^ab^b- 

First we summarize some general facts that will be used often. 

Remark 5.5. Let 0<a<b<n — i — 1, and n — i<d<e<n. By Lemma [4.21 (3) 
we have that Af, = (-l)'^-V,,, + (-l)'^-^A^, and /i^, = {-if^'-'^Uade + {-ly-'Kb- 

Lemma 5.6. Let {c,f,g} C {0,...,n — i — 1}. Let Tfg be a linear form in Xf 
and Xg. Suppose that XcTfg G /, and that L;^y,L^^ are monomials in Xc- Let u G 
{n — i, . . . ,n} \ {j} and suppose that the coefficient of XyXj in F^uj is not zero. Then 

XuTfg G /. 

Proof. Assume c<f<g<u<j, so that Ucuj 7^ 0. By Remark 15.51 we have that 
yU^j = ±i/cui, f'cg = ^^cuj- If XuTfg ^ /, there exists a point E such that Xu{E) 7^ 0, 
Tfg{E) 7^ 0, and Xc{E) = 0. Without loss of generality assume that Xf{E) 7^ 0. 
Recall that Fcfu = XuiX^f^c + l^cf^f)- Then Fcfu{E) = implies that /ijf^ = 0, a 
contradiction. □ 
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Lemma 5.7. Let u G {n — i, . . . ,n} and assume that XuL-^}, ^ / for some G 
{Li, . . . ,Lt}. Let Tfg be a linear form in Xf and Xg, where {f,g} C {0, . . . ,n — i — l}. 
Assume that XaTjg G / and x^Tfg G /, that L^^p L{g are monomials in Xa, and Lip 

^bg ^'^^ monomials in Xf,. Suppose x^ G VJ is introduced inductively from x^ G Vi. 
Then XzTfg G /. 

Proof. We proceed by induction on /. If / = 1, then z = u. Since XjL^^ G / and 
XuL^jj ^ /, by Corollary 15.31 we have that iyauji^buj) 7^ (0,0). Then x^Pfg G / 
by Lemma 15. 6[ Now suppose that / > 1 and that G V/ is introduced because 
XwXz 4- ^ for some Xw G Vi-\\ that is, XzILci_-^w ^ L for some LLci_j^w G Hy^_^. 
Assuming q_i <w<z<j,hj construction we have that {i'ci_izj,T-'wzj) 7^ (0,0). If 
Q_i = ci G {a, 6} and Vc^zj 7^ 0, we conclude by Lemma 15.61 Otherwise Vcizj 7^ 0, 
where Xc, G Ip for some p < /, so that x^Tfg G /. Assume by contradiction that 
XzTfg ^ /. By Lemma [5^2] and Lemma lT2] (2) we have that /i/c,2 = fJ'gciz = l^c^ciz = 0. 
Recall that we are assuming fiacij = 0. Then by f|T8l) we have that Uc^zj = 0, a 
contradiction. □ 

Now suppose that fl20|) is given by (j4]) of Remark 13.51 

Let a;„ G \4 be such that a^^L^^ ^ J. By construction we have that Xa,Xb G B^"^. If 
s G C let = x^. Then by Lemma we have that (yi){Yc) C /, as desired. 

Next we suppose that fl20|) is given by ([7j) of Lemma [3. 6[ 

(5l^yM„lcJ(G^JcJ, 

for some > 1. For simplicity of notation we may assume that Xi = yi and X2 = y2- 
Recall that Ga^. consists of forms Gfg defined in ([3]), 

Gfg = {{-ly-'Kg - ^)g)xf + ((-l)^Ai, - ^^)g)Xg. 

Therefore ([7]) includes equations of type ([8]). 

Let Xu G Vi. By Lemma [521 it suffices to consider the cases XuL\2 ^ L, where 
-^12 = -^12^15 XuLgg ^ /, with Xq G Ia^; that is, = (— l)''A{2a;g- 

Suppose x„L{2 ^ Let z G VJ, / > 1, be obtained inductively from Xu- We have 
that Ffgz = Xz{\fgXf + fijgXg). By Remark 15.51 assuming that f<g<z<j,we 
have that 

A/, = (-l)^-V,,, + (-l)^-^A}^ 

and 

= {-^r~'-'^M + (-i)^~>},- 

Since xiGfg G /, if i^izj 7^ 0, we have that XzGjg G / by Lemma [531 Therefore we 
may assume that vizj = 0. 
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First we show that XuGfg G /. Since viuj = 0, by Remark 15.51 we have that 
= fi^g = 0. Then Fij^ = Fig^ = 0, since XiXu ^ /• Then by Remark [5.51 we have 

that Ufuj = (— l)"Ajj and Ug^j = (— l)"A{g. It follows that 

FfgU = i-ir-^^'XuGjg, 

and so XuGfg G /. 

Now suppose Xv G V2 is introduced because XuX^ ^ /. If fiiuv 7^ 0, we have that 
XvGfg G / by Lemma and Lemma H^ (2). Therefore we may assume that fiiuv = 0. 
Since Xix^ G / and XiXu 4- ^ 1 have that Ai„„ = 0. Hence for all s = 0, . . . , n — z — 1, 
we have that Fg^v = i^suvXuXv It follows that Uguv = 0. In particular Ufuv = J-'guv = 
J^iuv = 0. Then by (fT9|) we have that uj^j = (— l)''~"z//„j, Ug^j = {—iy~'^h'guj, and 
^luj = ^ivj = 0. As above, uiuj = implies that Ufuj = (— l)"A{j and Ug^j = (— l)"Ajg. 
It follows that Ffgv = {—iy~^^^XvG fg, and so x^Gjg G /. 

We proceed by induction on /. Suppose that / > 3, and that Xz = Xui is introduced 
inductively from Xu = Xu^. Since Xu^Gfg G / for all 1 < p < /, by Lemma \^72\ we may 
assume that fiiupui = for all 1 < p < 1. 

Let d < e < f. Observe that if XdXf G / and XgXf ^ /, then Udef = 0. If XdXf G / 
and XdXe 4- then A^e/ = 0. It follows that \\u^up = for all 1 < p < /, and 
Amp_iupm„ = for all 1 < p < Z and p < m < I. By inductively applying (|T6|) . we have 
that Xiup.iup = for all 1 < p < /. 

Similarly, applying flTSl) . it follows that fiiup^mp = for all 1 < p < /. Since 
Xup^iXup ^ I, we have that lysup^iup = for all 1 < p < / and 0<s<n — i — 1. Then 
by f|T9|) we have that for all 1 < p < Z and < s < n—i — 1, v^upj = (— l)"''^"''~^'^sup_ij- 
It follows that Ufzj = (— l)^~"z/j„j, Ugzj = {—ly^^i'guj, and uiuj = I'lzj = 0. Hence 
Vfuj = {—^Y^if and Vguj = (— l)"A{g. It follows that Ffgz = {—ly^^^^XzG fg, and so 
^zGfg G /. 

Now suppose that XuL2q ^ /• As in the proof of Lemma 13.61 we assume that 
f<g<q<u<j. Recall that q has the property that the coefficient of Xg in Gfg 
and in Ggg is zero; that is /i-'j^ = {—iyX-[j, and /i^^ = {—iyX{g. 

Let Xu G Vi. As before we may assume that Uguj = 0, and so Aj^ = Xgg = 0. Then 
Ffqu = Fggu = 0, since XgXu ^ /• It follows that Ufuj = (— l)"~''yUjg = {—iyX{j and 
^guj = i-^TXig. Then Ffg^ = {-iy~^+^XuG fg, and so XuGfg G /. 

If / > 2 we repeat the proof of the previous case, with Xg instead of Xi, and we 
obtain that XzGjg G /. 

Now we only need to consider the case when ( 120|) is given by ( ITSl) . 

{Bi, Bd2,..., Bd,., DjJ{VN, Vl \ Vd,j , • • • , -BdJ C /. 

Notice that (fTSjl includes the cases ([9]), (fT2|) . and (fT3l) . Here the linear forms hi, ... , hn- 
are all monomials. 



A GENERALIZATION OF THE STRONG CASTELNUOVO LEMMA 



19 



We will need the following observations. 

Remark 5.8. Let u G {n — i, . . . ,n} be such that XuL-'^i, ^ / for some L-'^^ G 
{Li, . . . , Lt}. Let Xp G {hi, . . . , hn-i-i-t}, and assume that XaXp G /, XbXp G /, 
that is a monomial in Xa, and Ll^ is a monomial in Xf,. Suppose that x^ G Vi, 
/ > 1, is introduced inductively from x„ G Vi. Then XzXp G /, by Lemma [5.71 

Lemma 5.9. Let u G {n—i, . . . , n} he such that XuL-'^^, ^ / for some G {Li, . . . , Lj}. 
Let Xp G {/ii, . . . , hn-i-i-t}, and assume that L^^ = L^^ = 0. Suppose that x^ G Vi, 
I > I, is introduced inductively from a;^ G Vi. Then Fp^j G {xp), and x^Xp G /. 

Proof. Assume that a<b<p<z<j. Let x^ & Vi, I > 1. By Remark 15.51 we have 
that = ±iypzj, \lp = ±i^pzj, t^lp = ±'^azj, and /if^ = ±iybzj- We show by induction 
on I that t'pzj = and that XpXz G /. 

If / = 1, then z = u, and Upuj = by Lemma 1531 It follows that A"p = X^^ = 0, 

and so Fapu = fiap^uXp, and Ftpu = l^p^uXp. Since XjV^^ G / and XuL^^b ^ by 
Corollary 15.31 we have that (I'aujy^buj) 7^ (0,0). Therefore {fJ^ap, fJ^hp) 7^ (0,0) and 
XpXu G -/^. 

Now suppose that / > 1 and that x^ G Vi is introduced b 4. I for some 

Xu) G V;_i; that is, XzHci_^w 4- ^ fo^ some Hci_^w £ Hvi_^. Assuming q_i < w < z < j, 
by construction we have that (t'cj.izj, J^tu^j) 7^ (0, 0). 

Now XpX^ G /, and x^x^ ^ / imply that Vp^z = 0. Since Up^^j = by the 
induction hypothesis, it follows from ( fT9i) that Upzj = 0. Then A^^ = A^^ = 0, and so 

Fapz t^ap"^ zXp, and Fbpz ^^pX zXp. 

If Q_i = Ci G {a, 6} and z/c^^j 7^ 0, then (/x^p, /x^^) 7^ (0, 0) and x^Xp G /. Otherwise 
i^cizj 7^ 0, where Xc; G for some p < /, so that XcjXp G /. If XzXp ^ J, then we have 
that /ipc;^ = /icic,2 = 0. Recall that we are assuming /Xciqj = 0. Then by ([TS]) we have 
that z/c;2j = 0, a contradiction. □ 

Lemma 5.10. Let u E {n — i, . . . ,n} and {p,q} C {0, . . . ,n — i — 1} . Suppose that 
XuXp G /, that Fpuj G (xp), and that the coefficient of Xq in L^^ is not zero. Then 

XuXq G F 

Proof. Assume p < q < u < j . By Remark 15.51 we have that /ip^ = ±/i^g 7^ 0. Then 
Fpqu = XuiXpgXp + fipgXg) and x„Xp G / imply that x„Xg G /. □ 

Lemma 5.11. Let u G {n — i,...,n} be such that XuL\ ^ / for some L-^^^ G 
{Li, . . . , Lt}. Let Xp G {hi, . . . , hn-i-i-t}, and assume that L^^^ and Ll^ are monomi- 
als in Xp. Suppose that XzXp G / for all Xz introduced inductively from x„ G Vi. // the 
coefficient of Xg in L^ is not zero, then XzXg G /. 



Proof. By Lemma [5l6] we have that Upuj = 0. Now the proof of Lemma [5.91 shows that 
^pzj = 0. Then by Lemma [5. 101 we have that x^x^ G /. □ 
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We are now ready to conclude the proof that (V/)(/ii, . . . , /i„_i_i_t) C / for all 
/ > 1. Let u G {n — i, . . . ,n} be such that XuL\ ^ / for some L\ G {Li, . . . , Lt}. 
Suppose that G VJ, / > 1, is introduced inductively from Xu G Vi. Let Xp G 
{Vat, Vl \ Vdj^ , . . . , BdJ. Let Xa^^^^ , . . . , Xa^^ be generators of Bd^^^, • • • , -B^^ 

respectively. 

First assume that L^^ G Dj^. If Xp G U (Vl \ Vd^J U {xa^^^J U ■ ■ ■ U {xa^^}, 

then x^Xp G / by Lemma EHl since = L;^^ = 0. If Xp G {Bd^^^^, . . . , -8^^} is not a 
generator of one of the blocks, then x^Xp G / by inductively applying Lemma I5.11[ 

Next assume that is one of the generators of Bi , B^^ , • • • , Bd^ . Recall that 
Xb G Vdj • If Xp G Vat U (Vl \ Vd^ ), we may assume that L{p = 0, otherwise by 
Lemma 13.61 and by the proof of Lemma I3.14[ we can reduce to the previous case given 
by equation (I7l). If Xp G {xa^ } U ■ ■ ■ U {xaa^, } have that = by Remark 13.91 

We also have that L^^ = if Xp G Vat U {Vl \ Vd,^ ) U {xa^^^^ } U ■ ■ • U {xa^J. Then by 
Lemma [5.91 we have that XzXp G /. 

If Xp G {Bd^^j^, . . . , Bd^} is not a generator, then L^^ is a monomial in Xp (otherwise 

the block containing Xa would not be maximal), and is a monomial in Xp. Then 
XzXp G / by inductively applying Lemma 15. Ill 

Last assume that x^ and Xf, belong to one of the blocks Bi, Bd^, ■ ■ ■ , Bd^. If Xp G 
Vjv U (Vl \ Voj^ ) U {xa^ } U ■ ■ • U {a^a^j. }; then L^^ and are monomials in Xq and 
Xb respectively, and so by Remark 15.81 we have that XzXp G /. The same holds if Xp is 
not a generator of Bd^^^ , ■ ■ ■ , Bd^ , but the block containing Xp has been constructed 
after the block containing x^ and Xb- 

If the block containing Xp has been constructed before the block containing Xq and 
Xb, then L{p and L^^ are monomials in Xp and by inductively applying Lemma 15.111 
we have that x^Xp G /. 

This concludes the proof of (Vi)(hi, . . . , hn-i-i-t) C /, of Theorem 14.11 and of 
Conjecture 11.11 

□ 
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